[1] Viscous constitutive relations of partially molten rocks deforming in the regime of grain boundary (GB) diffusion creep are derived theoretically on the basis of microstructural processes at the grain scale. The viscous constitutive relation developed in this study is based on contiguity as an internal state variable, which enables us to take into account the detailed effects of grain-scale melt distribution observed in experiments. Compared to the elasticities derived previously for the same microstructural model, the viscosities are much more sensitive to the presence of melt and variations in contiguity. As explored in this series of three companion papers, this ''contiguity'' model predicts that a very small amount of melt (f < 0.01) significantly reduces the bulk and shear viscosities. Furthermore, a large anisotropy in viscosity is produced by anisotropy in contiguity, which occurs in deforming partially molten rocks. These results have important implications for deformation and melt extraction at small melt fractions, as well as for shear-induced melt segregation. The viscous and elastic constitutive relations derived in terms of contiguity bridge microscopic grain-scale and macroscopic continuum properties. These constitutive relations are essential for investigating melt migration dynamics in a forward sense on the basis of the basic equations of two-phase dynamics and in an inverse sense on the basis of seismological observations. 
Introduction
[2] Deformation and melt segregation dynamics of partially molten regions in the Earth are controlled by viscous properties and permeability of partially molten rocks. Intensive experimental studies have been performed to measure shear viscosity as a function of melt fraction, shear stress amplitude, and grain size. Significant enhancement of shear strain rate by increasing melt fraction f, described by _ e / exp(lf) with l $ 20-30, has been reported in both grain boundary diffusion creep and dislocation creep regimes, which are considered to be the two dominant processes controlling upper mantle viscosity [Mei et al., 2002; Hirth and Kohlstedt, 2003; Zimmerman and Kohlstedt, 2004] . Also, microstructural changes due to stress have been observed, demonstrating that under nonhydrostatic stresses microstructures can be different from the ''equilibrium'' geometry at which interfacial energy is at a minimum. These observations include both grain-scale melt alignment in compression [Daines and Kohlstedt, 1997] , pure shear [Takei, 2005] and simple shear [Zimmerman et al., 1999] , and also melt redistribution over distances greater than the grain scale into networks of melt-rich shear zones [Holtzman et al., 2003a [Holtzman et al., , 2003b Holtzman and Kohlstedt, 2007] .
[3] Stress-induced melt redistribution can have significant consequences if it occurs in the Earth, because viscosities and permeability of solid-liquid composite system are strongly influenced by the geometry of the liquid phase. In order to bridge microstructural processes and macroscopic dynamics in the Earth, we develop a viscous constitutive relation of partially molten rocks, with which the microstructural effects on viscosities can be assessed quantitatively. The viscous constitutive relation developed in this study is based on contiguity as an internal state variable, which enables us to take into account the detailed effects of grain-scale melt distribution observed in the experiments. Melt fraction is a scalar value that can be related to contiguity, but alone does not sufficiently describe the melt distribution for calculating mechanical properties. By solving this constitutive relation together with the mass and momentum conservation equations of a solid-liquid system, we demonstrate the significant and intriguing consequences of microstructural processes on large-scale deformation and melt migration dynamics in the Earth.
[4] This paper (TH1) is the first of three companion papers. Here, a granular model developed by Takei [1998] to derive the elastic constitutive relation of solid-liquid composite system is modified to describe solid grains deforming by grain boundary (GB) diffusion creep. A microstructural model for the shear viscosity of partially molten rocks in the GB diffusion creep regime was first developed by Cooper and Kohlstedt [1984] (CK model). The present model extends the CK model by considering the microstructure in terms of 3-D contact function or contiguity and also by exactly solving the mass conservations, mechanical balances, and reaction and diffusion kinetics required at each solid grain, hereon referred to as the contiguity model. Unlike the CK model, the contiguity model predicts that a very small amount of melt (f < 0.01) significantly reduces shear and bulk viscosities. Another important result of the contiguity model is that an anisotropy in grain-scale melt distribution leads to a strong viscous anisotropy of the solid framework. These results show that viscosities are much more sensitive to contiguity than elasticities. Consequences of these results are explored in the following two companion papers.
[5] In the second paper [Takei and Holtzman, 2009a ] (hereinafter referred to as TH2), we investigate in detail the asymptotic behavior of viscosities at small melt fractions. On the basis of recent geochemical studies, there is an increasing recognition of the importance of melt segregation dynamics at very small melt fractions. In the third paper [Takei and Holtzman, 2009b] (hereinafter referred to as TH3), we investigate the shear deformation of partially molten rocks, by solving the isotropic and anisotropic viscous constitutive relations developed in this paper together with the mass and momentum conservation equations of two-phase flow theory.
We demonstrate that viscous anisotropy due to stress-induced melt alignment at the grain (or micro) scale establishes conditions for larger-scale melt redistribution into mesoscale or macroscale melt-rich channels during deformation.
[6] The approach mentioned above, from micro to macro by solving the dynamical equations including an internal state variable, is a ''forward,'' or ab initio, approach. In addition, the viscous constitutive relation obtained in this paper enables an ''inverse'' approach to investigate the rheological structure of the Earth from seismological observations. Prior to this study, quantitative comparison between elastic and viscous properties has been difficult because elastic and viscous properties were calculated with completely different microstructural models [e.g., Mavko, 1980; O'Connell and Budiansky, 1974; Cooper et al., 1989] . Using the result of this paper, together with the elastic constitutive relation also based on contiguity [Takei, 1998 ], we develop the beginning of the inverse approach for mapping from a seismic velocity structure to a viscosity structure in a region of the Earth's interior. Although dislocation creep is also an important process in the upper mantle, here we focus on grain boundary diffusion creep and leave the incorporation of the other process for future studies.
General Formulation of the Contiguity Model
[7] Figure 1 shows a schematic of the present approach used to derive macroscopic constitutive relations on the Figure 1 . Map view of the procedures to derive viscous constitutive relations of solid-liquid composites based on the microscopic processes at each solid grain. The numbers refer to the relevant equations in the text, for the general model (numbers without parentheses) and for the simplified formulation of the GB diffusion-control model (numbers in parentheses with asterisk). The inset in the center shows contact function X C defined on the grain surface to describe grain-to-grain contact geometry.
basis of the relationships between the macroscopic and the microscopic fields. The macroscopic variables are usually defined by the average over a REV (representative elementary volume) containing a number of solid grains. In the present formulation, however, solid grains in the REV are assumed to be identical and macroscopic stress s ij S and strain e ij f are calculated by the average over one solid grain. In other words, a solid grain is taken as a microscopic unit. We also use the term ''grain unit'' to include the liquid phase belonging to the grain.
[8] The contact geometry of each grain with the neighboring grains is described by a contact function (section 2.1). Procedure A or A 0 relates the macroscopic framework strain to the microscopic deformation of a grain (section 2.4). Procedure C or C 0 relates the macroscopic stresses to the microscopic stress in a grain (section 2.3). Procedure B describes the physical rules governing the grain deformation (section 2.2). In this study, each grain is assumed to deform viscously due to grain boundary (GB) diffusion creep. Notations are summarized in Table 1 . Subscripts i, j, k, and l are used to designate vector and tensor components in a Cartesian coordinate system. For these subscripts the summation convention for repeated subscripts is employed throughout.
Geometrical Description of Solid-Liquid Composites by Contact Function and Contiguity
[9] Each solid grain of a polycrystalline aggregate is considered to have a polyhedral configuration, which is often modeled by a tetrakaidekahedron or a rhombic dodecahedron. In this paper, a polyhedral grain shape is approximated by a sphere with radius R, while the contact state of the grain with neighboring grains is described by a contact function X C (r R ) defined on the grain surface as 
( Figure 1 ). Microscopic coordinates r and r R for a spherical grain are expressed as (q, f, r) (r R) and (q, f, R), respectively, in the spherical coordinate system (r = 0 represents the grain center).
[10] By using X C (r R ), the contiguity tensor 8 ij is defined by
where n(r R ) is the exterior unit normal vector on the grain surface and ds = sin q dq df. Scalar contiguity 8 is defined by the trace of 8 ij as
[11] In partially molten polycrystalline aggregates with dihedral angle < 60°, a connected network of the grain edge tubules separates the surface of each grain into several contact patches. Therefore, in this study, the area of contact (X C (r R ) = 1) is considered to consist of several contact patches which are separated from each other by the wetted area (X C (r R ) = 0). This point is of both physical and mathematical importance in formulating the viscous deformation of grains due to GB diffusion creep.
Governing Equations for Grain Deformation
[12] Governing equations for grain deformation describe the relationship between the microscopic deformation field and the microscopic stress field within each grain unit (procedure B in Figure 1 ). In the presence of a liquid phase, GB diffusion creep involves dissolution/precipitation reactions at the solid-liquid phase boundary and matter diffusion through the liquid phase. Here, we develop a general formulation in which the effects of finite diffusion rates and finite reaction rates on viscosities can be investigated. As one of the simplest models allowing for such general formulation, we consider a binary solid-liquid system in which the solid grains consist of pure component A and the liquid phase consists of components A (= solid component) and B. Mole fraction of component A in the liquid phase is denoted by C. Solid-liquid interfacial tension is also taken into account because it affects the dissolution/precipitation process at the pore surface.
[13] Deformation of each solid grain is described by a microscopic velocity field _ u(r), which represents the velocity relative to the grain center ( _ u i = 0 at r = 0). Let t ij (r) be a microscopic stress field in a solid grain, which satisfies the condition of mechanical equilibrium,
Let f (r R ) be a microscopic traction field at the grain surface, which is related to t ij as
Procedure B in Figure 1 describes the relationship between _ u i and t ij or f i . In this study, we are mostly concerned with steady state creep conditions. Hence, we consider that the system keeps the relaxed state of grain boundary sliding and that the tangential component of traction f i (r R ) is zero at X C (r R ) = 1. This assumption is not made when considering elasticity [Takei, 1998 ].
[14] Resistance for creep comes from the kinetics of diffusion processes. Let _ u r and f r be radial components of velocity and traction, respectively; _ u r = _ u i n i and f r = f i n i . Let J(r R ) be the flux of component A through GB. Radial component of J is zero. From the mass conservation of the solid phase, _ u r at the grain-to-grain contact faces is accommodated by J as
where W represents the molar volume of component A in the GB and d represents the thickness of GB belonging to one grain (half of the total GB thickness). Flux J is related to the vacancy flux J v driven by diffusion, 
From equations (6) and (7), we obtain the Poisson equation
[15] To obtain boundary conditions for equation (8) at the periphery of each contact patch, we consider the flux of component A through the contact periphery and consider the kinetic condition for this flux. Let P l be liquid stress (tension positive), which is assumed to be uniform within the grain unit. Let C 0 be the value of liquid composition C at which the solid and liquid phases are in contact with a plane solid-liquid interface and in chemical equilibrium under the same stress P l and temperature T. This condition is written as
where m A S and m A L are chemical potentials of component A in the solid and liquid phases, respectively. Using equation (9) as a reference state, m A S and m A L at the contact periphery are written as [e.g., Lehner, 1995] 
where r JC represents a position on the periphery of each contact patch or, in other words, a position on the solidsolid-liquid junction, and a represents the activity of component A in the liquid phase, which generally is a nonlinear function of C. From equations (9) and (10), we obtain
where a 0 represents a when C = C 0 . Let J n (r JC ) be a component of J outward normal to the contact periphery. The sign convention for J n is defined such that J n is positive when component A flows from solid to liquid. Then, the product (m A S À m A L )J n d gives the work per unit length of periphery dissipated by the irreversible processes as the material passes through the phase boundary [e.g., Lehner, 1995] . In other words, m A S À m A L gives the driving force for the dissolution/precipitation reaction through the solid-solidliquid junction. The flux J n is assumed to be proportional to the driving force,
where K JC represents the reaction rate at the solid-solid-liquid junction. From equations (11) and (12), we obtain
which gives the boundary condition for equation (8).
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[16] Traction f i (r R ) at the grain surface in contact with liquid is written as
where p represents the normal stress discontinuity at the solid-liquid interface due to interfacial tension.
[17] The procedure labeled B in Figure 1 is given by equations (8), (13), and (14). The equations are not closed yet. Activity a(r JC ) included in equation (13) is a function of liquid composition C. The equations governing the behavior of C are discussed in detail in section 2.5 and are not derived here.
Relation Between Macroscopic Stresses and Microscopic Stress Field
[18] Macroscopic solid stress s ij S is defined by the volume integration of microscopic stress t ij (r) over a solid grain
where V S (= 4pR 3 /3) is the grain volume and dV = R 2 sin q dq df dr. Under equation (4), the volume integration in equation (15) is given by the surface integration of f i (r R ) as
where dS = R 2 sin q dq df. Traction f i (r R ) at X C (r R ) = 0 is given by equation (14). Although P l can be assumed to be uniform within each grain unit, p is not necessarily uniform, as shown by TH2. Let p be the average of p over the wetted surface of the grain. By introducing the differential traction f r 0 defined by (16) is rewritten as
where s ij S 0 is the differential solid stress defined by
Equation (18) gives the procedure labeled C in Figure 1 .
Relation Between Macroscopic Framework Strain and Microscopic Grain Deformation
[19] The macroscopic framework strain e ij f is defined by the macroscopic displacement field of the solid phase u S as
Framework strain e ij f involves a relative displacement between the centers of adjacent grains. If there is no overlap, opening, nor slip between two neighboring grains, the relative displacement related to e ij f should be accommodated by the deformation of the two grains. For elasticity, on the basis of this consideration, the macroscopic strain e ij f is related to the microscopic displacement field u i (r R ) [Takei, 1998, equation (11)]. Similarly, for viscosity, the macroscopic strain rate _ e ij f is related to the microscopic velocity field _ u i (r R ), as follows. Because there is no overlap nor opening between the two neighboring grains, the radial component of grain deformation _ u r is related to _ e ij f as
Unlike the radial component, the tangential component of _ u i is not related to _ e ij f , because grain boundary sliding is assumed to be possible at the contact face. This assumption is not made when considering elasticity [Takei, 1998 ]. Equation (21) gives the procedure labeled A in Figure 1 .
Derivation of Macroscopic Constitutive Relation: Overview
[20] The parts of the derivation discussed previously (sections 2.2-2.4) must now be brought together to derive the macroscopic constitutive relations. The derivation is made by following procedures A-C in Figure 1 in clockwise order. Under a given _ e ij f , microscopic velocity _ u r at X C = 1 is given by equation (21). Then, microscopic traction f r at X C = 1 is obtained by solving equations (8) and (13). Also, f r at X C = 0 is given by equation (14). By substituting these results into equation (18), the macroscopic constitutive relations can be derived in the form of
where C ijkl represents a viscosity tensor. In Appendix A, we briefly discuss the importance of the clockwise approach used in this study.
[21] By using the total stress in the material element defined by s ij B = (1 À f)s ij S + fP l d ij with liquid volume fraction f, constitutive relation (22) is written as
where C ijkl B and C ijkl are related by C ijkl B = (1 À f)C ijkl . The viscosities defined by equation (22) are used in this paper. This simplifies the subsequent discussion, because C ijkl is determined only by the contact state described by X C , whereas C ijkl B additionally depends on liquid volume fraction. [22] In solving C ijkl , we have two problems. The first concerns geometry. In order to solve the Poisson equation (8) with boundary condition (13) in a general way that allows for any form of contact geometry, a numerical method must be used. In this study, we do not use a numerical method but simplify the model to derive some approximate analytical solutions for C ijkl . Two types of simplified models are used. One is a two-dimensional (2-D) model, in which grain surface is a circle and contact patches are given by several segments of the circle. The other is a three-dimensional (3-D) model in which each contact patch is assumed to be a B06205 TAKEI AND HOLTZMAN: VISCOUS CONTIGUITY MODEL, 1, GENERAL circular plane. In the 2-D model, analytical solutions for C ijkl can be derived for all states of contiguity between 8 = 0 and 8 = 1, whereas applicability of the 3-D model to large contiguity is limited because of the overlap of the contact patches. Therefore, the 2-D model is useful for investigating the asymptotic behavior at 8 ! 1, which corresponds to f ! 0. The 3-D model is useful for investigating the quantitative effects of grain-to-grain contact geometry to viscosity.
[23] The second problem concerns the rate-limiting process. The activity a(r JC ) included in equation (13) is determined by liquid composition C. C (or a) is a variable to be solved from the governing equations which are not derived in section 2. As postulated in the CK model [Cooper et al., 1989] , if matter diffusion in the liquid phase and dissolution/precipitation reaction rates are much faster than matter diffusion through the GB, the deformation is rate limited by GB diffusion. In this regime, effects of C (or a) are negligible and C ijkl can be calculated only from the equations derived in sections 2.1-2.4. A simplified version of the contiguity model is based on the assumption that liquid diffusivity and reaction rates are infinitely high; this version is hereafter referred to as the ''GB diffusion control model.'' The applicability of the GB diffusion control model breaks down when the effects of finite liquid diffusivity and finite reaction rates are not negligible. In this case, a more complete compositional model including the governing equations of C is needed (TH2).
[24] Table 2 summarizes the chemical and geometrical conditions of the models developed in the present series of papers. In this paper (TH1), the GB diffusion control model is developed for both 2-D and 3-D configurations, and detailed effects of microstructure on viscosities are investigated. In the following paper (TH2), a more complete compositional model (hereafter referred to as the ''compositional model'') is developed to assess the applicability or limitation of the GB diffusion control model. As shown by TH2, the effects of finite liquid diffusivity and finite reaction rates become significant at very small melt fraction. Also because the governing equations for C are complicated, we solve the compositional model in the 2-D configuration, allowing us to study the asymptotic behavior without the geometrical complexity of the 3-D model, including the problem of overlapping patches. In TH3, effects of viscous anisotropy on two-phase dynamics are investigated under 2-D boundary conditions. Therefore, the 2-D version of the GB diffusion control model is generalized by taking into account contact anisotropy.
Simplified Formulation for GB Diffusion Control Model
[25] The general formulation presented in section 2 is simplified to the GB diffusion control model by assuming that the liquid diffusivity and dissolution/precipitation reaction rates are infinitely high and hence the deformation rate is limited by matter diffusion through GB. This assumption was also used in the CK model. Under this assumption, a and C are constants and do not affect the viscosities. Also, effects of interfacial tension and hence p are neglected for simplicity. Then, because K JC = 1 and a = a 0 (C = C 0 ), the last two terms in the right-hand side of equation (13) vanish. The differential traction and differential solid stress generally defined by equations (17) and (19) are simplified to
Because P l is a constant in the grain unit, the governing equations for grain deformation generally given by equations (8), (13), and (14) are simply given by
with boundary condition at the contact periphery
The procedure B in Figure 1 is given by equations (26) -(28). The relationship between f r 0 and s ij S 0 generally written as equation (18) now becomes
which gives the procedure C in Figure 1 . The relationship between _ u r and _ e ij f is again described by equation (21), which gives the procedure A in Figure 1 . The macroscopic constitutive relations generally written as equation (22) are simplified to
GB Diffusion Control Model in Two Dimensions
[26] In the 2-D model, the grain surface is a circle with radius R and contact patches are given by several segments of the circle. A domain comprising 1/4 of the circle is shown in Figure 2 . We introduce a contact function X C (q) which takes a value of 1 at 01 , q 23 , and q 4 q p/2, where q 1 = p/8 À Dq, q 2 = p/8 + Dq, q 3 = 3p/8 À Dq, and q 4 = 3p/8 + Dq, and is symmetric with respect to x and y axes. Contiguity in two dimensions is defined as 8 2D = (1 À 8Dq/p), which represents the length [27] Procedures A-C presented in section 3 are solved analytically. Under given _ e ij f (i,j = x,y), differential traction f r 0 (q) at each contact patch is obtained by solving equation (26) with equation (21) and (n x , n y ) = (cosq, sinq) as
where c 1 and c 2 are integral constants determined to satisfy boundary condition (27). The six integral constants for the three contact patches at 0 q p/2 are determined from the six boundary conditions
where J q represents the q component of J and equations (33) represent the symmetry of the problem. The 2-D version of equation (29) to calculate differential solid stress s ij 
Without melt (X C (0 q 2p) = 1), h is obtained as
which represents the Coble creep viscosity in two dimensions. The viscosities in two dimensions are normalized to h cc in equation (36).
Comparison to the CK Model
[29] As an important precedent to this model, Cooper and Kohlstedt [1984] treated the deformation of partially molten rocks as being rate limited by GB diffusion. For comparison, the shear viscosity of the CK model, h CK , is calculated for the same configuration as the contiguity model. For this purpose, the CK model needs to be reformulated within the framework of this present study. The gradient of chemical potential used by Cooper et al. [1989] as the driving force for the GB diffusion can be identified with that of traction f r . Therefore, we reformulate the CK model to satisfy equations (31) and (33). The shear viscosity of the CK model approaches that of the Coble creep model at small melt fraction [Cooper et al., 1989] . This feature is reproduced by requiring monotonic potential change and unidirectional matter flux at 0 q p/2. The boundary conditions at q m (m = 1 -4) consistent with this requirement are written as
which are different from equation (32) . In this study, h CK is calculated from equations (31), (33), and (37).
[30] Figure 3 shows viscosities, h, x, and h CK , versus 8 2D 2 , which is considered to be an approximation of 3-D contiguity. The bulk and shear viscosities, x and h, calculated from the contiguity model have the same slope as h CK as functions of contiguity. The viscosities are normalized to the melt-free shear viscosity, h cc . Although h CK /h cc approaches 1 as 8 2D ! 1, h/h cc approaches a value substantially smaller than 1 as 8 2D ! 1. Such singular behavior at 8 2D = 1 is the most remarkable difference of the contiguity model from the CK model and one of the most compelling results of this study. The reason for this difference is explained in the following sections.
[31] The slope of 3/2 in Figure 3 indicates that the viscosities decrease with decreasing melt-free GB length as (1 -8Dq/p) n with n = 3. Note that the exponent of n = 3 is smaller than n = 4 of the original CK model. This discrepancy comes from the simplification of the models to two dimensions: although n = 4 results from the effects of diffusion path shortening (n = 2) and shear stress amplification (n = 2), in the 2-D model the effect of shear stress amplification is n = 1 because it does not occur in the direction perpendicular to the xy plane. We show in Figure 2 . The domain of the 2-D isotropic model (1/4 circular grain). The contact function X C takes a value of 1 along the thick line segments and 0 along the thin line segments and is symmetric with respect to x and y axes. Open arrows indicate principal stress directions (wide) and direction of dominant flux along the grain surface (narrow) under a given shear strain rate (_ e xx f = À_ e yy f = _ e(>0)). 
Singularity at 8 2D = 1
[32] As mentioned above, the fact that h/h cc does not approach 1 as 8 2D ! 1 is a potentially important implication of this study. The reason for this result can be explained by Figures 4a -4d . All results shown in Figure 4 are solved under the same macroscopic strain rate, _ e xx f = À_ e yy f = _ e(>0), and hence have the same radial velocity at X C (q) = 1 (Figure 4a ). In the Coble creep model, matter diffuses from the contracting part ( _ u r < 0) to the expanding part ( _ u r > 0) of the grain surface. Therefore, the contracting and expanding parts can be viewed as sources and sinks, respectively, for matter. In the CK model, as well as in the Coble creep model, the distribution of sources and sinks is determined by the sign of radial velocity alone. However, in the contiguity model, melt pores also work as source and sink: the pore at q 12 provides a matter source in the region where _ u r (>0) causes the GB to act as a sink, and the pore at q 34 provides a matter sink in the region where _ u r (<0) causes the GB to act as a source. As a result, diffusion path length is substantially shortened and the traction needed to cause the given strain rate is much smaller than that of Coble creep. The short-circuit effect is significantly enhanced relative to the CK model, in which the matter must flow from the contact patch in compression to that in tension through the contact patch at q 2 < q < q 3 .
As shown by TH2, in the contiguity model, the mass conservations in the liquid phase are satisfied by the fast diffusive matter transport between the pores through the liquid phase (liquid connectivity is implicitly assumed). If the liquid diffusivity is infinitely high, the fast diffusive path between the pores exists even infinitesimally close to 8 2D = 1 and hence the traction does not approach that of Coble creep. A schematic illustration showing the significant difference in the diffusion paths between the CK model and the contiguity model is shown in Figure 5 .
[33] In bulk viscosity, x, similar discontinuity or singularity at 8 2D = 1 also exists. Although x/h cc without melt is 1 (incompressible), it does not approach 1 as 8 2D ! 1 but remains only a few times larger than h/h cc (Figure 3 ). For all 8 2D , the variation of x with 8 2D is quite similar to that of h.
Asymmetry of ''One-Grain'' Shear Viscosity
[34] As shown in section 4.2, the detailed distribution of sources and sinks, determining the diffusion path length, depends on both the distribution of radial velocity and that of melt pores on the grain surface. Therefore, shear viscosity is determined not only by the contact function, but also by the relationship between principal stress directions and pore directions, indicating a substantial asymmetry or anisotropy. In order to demonstrate the asymmetric character of shear viscosity, we introduce here a 2-D grain model with 4 contact patches at 0 q < 2p ( Figure 6 ). Because this model is similar to the cubic grain model considered by Cooper et al. [1989] , the fundamental difference between the CK model and the contiguity model can be also demonstrated.
[35] In the model shown in Figure 6a , the 4 melt pores are in the directions of q = p/4, 3p/4, 5p/4, and 7p/4, which are the nodal directions of the radial velocity ( _ u r $ 0). Then, the melt pores do not work as source and sink, only as a short circuit, so the shear viscosity predicted from the contiguity model is equal to that of the CK model (h = h CK = 0.8h cc for 8 2D = 0.9). In the model shown in Figure 6b , the 4 melt pores are in the directions of q = 0, p/2, p, and 3p/2, and hence in the middle of the contracting and expanding portions of _ u r . Then, the melt pores work as source and sink and the shear viscosity predicted from the contiguity model (= 0.12h cc for 8 2D = 0.9) is much smaller than h CK (= 0.64h cc ). The shear viscosity calculated from the contiguity model shows much larger asymmetry than the CK model. This asymmetry obtained for one grain, however, is considered to cancel out when averaged over a polycrystalline aggregates in which grains are randomly oriented, as discussed in section 5.1.2.
GB Diffusion Control Model in Three Dimensions
[36] In the 3-D model, each contact patch is simplified to be bounded by a circle and the area is given by 4pw f R 2 with solid angle 4pw f , where subscript f (= 1,2,Á Á Á, nf ) represents the index of the contact patches. In order to solve equations (26) and (27) analytically, each contact patch is further approximated by a circular plane, which is tangent to the sphere at the patch center (Figure 7a ). Let O be the center of a spherical grain, let A f be the center of fth contact patch, and let P be a position on the contact patch. Both P and A f are on the spherical grain surface. P is mapped to P 0 on the circular plane, where P 0 is in the same plane as triangle OA f P and the length of line segment A f P 0 is taken to be equal to the length of segment A f P along the great circle (Figure 7b) . Radial velocity at the spherical surface, _ u r (P), is mapped to the circular plane by _ u z (P 0 ) = _ u r (P), where z direction is taken to be normal to the circular plane. Then, f z 0 (P 0 ) satisfying equations (26) and (27) is solved analytically on this circular plane and is again mapped to the contact patch on the spherical surface by f 0 r (P) = f 0 z (P 0 ). In this manner, at procedure B in Figure 1 ,
[37] Unit vectors for the spherical coordinate system (q, f, r) at A f are written as e q f , e f f and e r f , detailed descriptions for which are presented in Appendix B. Position P 0 on the circular plane is represented by polar coordinate (0 r 1, 0 F 2p); the length of line segment A f P 0 is represented by a f r, where a f represents the radius of the circular plane, and the angle between vectors A f P 0 and e q f is represented by F. The a f and w f are related by a f = R cos
À1
(1 À 2w f ). For P 0 represented by (r, F), outward unit normal to the spherical grain at the corresponding position P is written as
For areal segment rdrdF on the circular plane, the corresponding area on the spherical grain is b(r)rdrdF, where b(r) is given by
[38] C ijkl is obtained by following procedures A -C in Figure 1 in clockwise order. At procedure C, the integral in equation (29) over the spherical grain is converted to the integral over the circular plane by using equations (38) and (39). Then, the solution for C ijkl can be written as where (r, F) and (r 0 , F 0 ) represent the points on the circular plane, and G is the Green's function
When we further approximate n f (r, F) as a constant across each plane, equal to the value at the center of the patch, e r f , and also approximate b(r) as unity, equation (40) can be rewritten in such a simple form as
where n f is equal to e r f at the center of each contact.
[39] In the following sections, using these 3-D models, the effects of contiguity on the bulk and shear viscosities (section 5.1), and also the effects of anisotropic contacts on the viscous anisotropy (section 5.2) are investigated. C ijkl are calculated from both equations (40) and (42), so that we can confirm the validity of the simplified formula (42). For comparison, elasticities are also calculated by using the 3-D elasticity model of Takei [1998] .
Effects of Contiguity on Bulk and Shear Viscosities 5.1.1. Isotropic Grain Model
[40] By analogy to a tetrakaidekahedral grain, each spherical grain is considered to have 14 contact patches (nf = 14) in the same directions as the 14 faces of a tetrakaidekahedral grain (Figure 8 ). The directions of the centers of the 14 patches (point A f in Figure 7a ) are (q, f) = (p/2, 0), (p/2, p/2), (p/2, p), (p/2, 3p/2), (p, 0), (0, 0), (q 0 , p/4), (q 0 , 3p/4), (q 0 , 5p/4), (q 0 , 7p/4), (p À q 0 , p/4), (p À q 0 , 3p/4), (p À q 0 , 5p/4), and (p À q 0 , 7p/4) with cosq 0 = 1/ ffiffi ffi 3 p . The former 6 and the latter 8 directions correspond to those of square and hexagonal faces, respectively, of a tetrakaidekahedron. The contact patches corresponding to the square and hexagonal faces are hereafter referred to as index f = 1-6 and f = 7 -14, respectively. When values of a f are taken to be equal for f = 1 -6 and also for f = 7 -14, viscosity tensor C ijkl calculated from equation (40) or (42) has substantial cubic anisotropy. As discussed in section 4.3, the anisotropy results from the interaction between the radial velocity field and the melt pore distribution on the grain surface and is characteristic of the viscosity calculated for one grain. However, when a f=7 -14 /a f=1 -6 is taken to be 1.03, C ijkl obtained for one grain becomes isotropic. Therefore, the tetrakaidekahedral grain model with a f =7 -14 /a f =1 -6 = 1.03 is hereafter referred to as the ''isotropic grain model'' (Figure 8 ). First, in this section, effects of contiguity on viscosity are investigated on the basis of the isotropic grain model. Then, in section 5.1.2, the sensitivity of viscosity to the various grain models (with packing coordination 14, 12, and 8) is checked, and the solutions for the isotropic grain model are shown to be robust. Figure 8 . A tetrakaidekahedral grain model with 14 circular contact patches. The ''isotropic grain model'' is given by a f=7 -14 /a f=1 -6 = 1.03, where a f=1 -6 represents the radius of the 6 patches corresponding to the square faces of a tetrakaidekahedron (±x, ±y, and ±z directions), and a f=7 -14 represents that of the other 8 patches.
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[41] When C ijkl is isotropic, viscous constitutive relation (30) is explicitly written as
by using bulk x and shear h viscosities. By solving equation (8) or (26) without melt (X C (r R ) = 1 for all r R ), Coble creep viscosity in three dimensions is obtained as
The bulk and shear viscosities x and h calculated for the isotropic grain model and normalized to h cc in equation (44) are shown in Figure 9a as functions of contiguity 8. The results can be written as
Because 8, the areal ratio of the melt-free GB, represents the square of length ratio, the exponent 8 2 is consistent with the result of the original CK model that the shear viscosity depends on the 4th power of the length ratio. The result of equation (42) (dotted lines) and that of equation (40) (solid lines) agree well, confirming the validity of the simplified formula (42).
[42] Similar to the results of the 2-D model, x and h have singularities at 8 = 1: h approaches 0.20h cc , not h cc ; x approaches 0.37 h cc , not 1; the difference between x and h are only in the factors 0.37 and 0.2. At w f = 1 -6 ! 0.054 or at 8 ! 0.787, the contact patches overlap each other. Although the overlap is not consistent with the assumptions used in deriving equations (40) and (42), these formulae and relation 8 = P f w f are used even at 8 ! 0.787 without correcting for the overlap. Because the behaviors of h and x at 8 ! 0.787, including the singularities at 8 = 1, are similar to those of the 2-D model at large contiguity, we consider the problem of overlapping patch faces to be insignificant to the solution.
[43] The elastic model based on the same granular configuration as the present model was developed by Takei [1998] . The isotropic elastic constitutive relation is written as
where k and m represent bulk and shear moduli, respectively, subscript sk represents the property of the solid skeleton (solid framework with vacuum pores), and subscript S represents the intrinsic property of the solid phase. The term corresponding to the last term in the right-hand side of equation (46) does not exist in equation (43), because the deformation caused by the intrinsic compressibility of the solid phase is assumed to be negligibly small compared to the viscous deformations in the right-hand side of equation (43). The skeleton elasticities k sk and m sk calculated for the isotropic grain model and normalized to the solid intrinsic elasticities, k S and m S , are shown in Figure 9a . (40) and (42), respectively.
The elasticities depend on contiguity as 8 1 2 , whereas the viscosities depend on contiguity as 8 2 . This demonstrates that viscosities are much more sensitive to contiguity than elasticities. Unlike viscosities, elasticities do not have a singularity at 8 = 1. Hence, when melt fraction is small and contiguity is nearly 1, melt has a small effect on the elastic properties.
Sensitivity to the Grain Model
[44] To check the sensitivity of the results of x and h to the assumed grain model, h and x are calculated for a tetrakaidekahedral grain model with radius ratio a f =7-14 /a f =1 -6 = 1.61, for a rhombic dodecahedral grain model with 12 contact patches of an equal radius, and for an octahedral grain model with 8 contact patches of an equal radius. When a f =7-14 /a f =1-6 = 1.61, the areal ratio (a f =7-14 /a f =1-6 ) 2 is equal to that between hexagonal and square faces in the tetrakaidekahedron. In the rhombic dodecahedral grain model, the directions of the centers of patches (point A f in Figure 7a ) are (q, f) = (p/2, p/6), (p/2, p/2), (p/2, 5p/6), (p/2, 7p/6), (p/2, 3p/2), (p/2, 11p/6), (q
The octahedral grain model is equal to the tetrakaidekahedral grain model with a f =1 -6 = 0. The viscosity tensors calculated for the tetrakaidekahedral and octahedral grain models exhibit substantial cubic anisotropy, and those calculated for the rhombic dodecahedral grain model exhibit substantial trigonal anisotropy. The isotropic viscosity of a polycrystalline aggregate, in which grains are randomly oriented, can be estimated by the Voigt-Reuss-Hill (VRH) average of the viscosity tensor calculated for one grain. The elasticity tensors calculated for the three grain models show much smaller anisotropy than viscosity tensors, because the mechanism causing the anisotropic character of one-grain viscosity discussed in section 4.3 does not exist in the elastic deformation. The elasticity tensors can be approximated to be isotropic without taking the VRH average.
[45] As shown in Figure 9b , all the three grain models give similar results for x and h, which are also consistent with the results of the isotropic grain model (Figure 9a ). As the packing coordination number increases from 8 to 14, x and h slightly decrease due to the decrease in diffusion path length, but k sk and m sk slightly increase due to the increase in the harmonic order of grain deformation [Takei, 1998 ]. The viscosities shown in Figure 9b are calculated by equation (40). For the tetrakaidekahedral and rhombic dodecahedral grain models, equations (40) and (42) give similar results. For the octahedral grain model, Reuss average of h calculated by using equation (42) is zero, because the centers of all 8 contact patches are in the direction of grain boundary sliding, and hence the VRH average of h is substantially smaller than that shown in Figure 9b . However, the average packing coordination of the polycrystalline aggregates is expected to be close to 14. Therefore, we can conclude that the results of the isotropic grain model given by equations (45) are robust against possible variations of grain models.
Effect of Contact Anisotropy on Viscous Anisotropy
[46] The isotropic grain models with contiguities of 0.3, 0.57, and 0.75 are modified to form anisotropic structures by gradually decreasing the radius of the two contact patches in the ±x directions, (q, f) = (p/2, 0) and (p/2, p) (Figure 10a) . Effects of the contact anisotropy on the viscous anisotropy are investigated by calculating C ijkl for this geometry. The contiguity tensor component 8 xx decreases while changes in the other components of 8 ij are negligible. Figure 10b shows several components of viscous compliance tensor S ijkl (= C ijkl À1 ) normalized to the initial value of each component versus 8 xx normalized to initial contiguity 8 0 . The radius a of the two contact patches relative to the initial radius a 0 is also shown in the upper horizontal axis (for the case of 8 0 = 0.57). The significant effect of contact anisotropy on viscous anisotropy is demonstrated by the difference between S xxxx and S yyyy , where S xxxx and S yyyy represent the strain rates produced by uniaxial loading under drained conditions. The results from equation (40) (black) and those from equation (42) (gray) agree fairly well, confirming the validity of the simplified formula. Also shown in Figure 10c are the components of the elastic compliance tensor S ijkl calculated for the same contact geometry, demonstrating that the elastic anisotropy is much smaller than the viscous anisotropy. When 8 0 = 0.57 and 8 xx /8 0 = 0.75, for example, the difference between S xyxy and S yzyz components of the elastic compliance tensor predicts a shear wave polarization anisotropy of about 3% (Figure 10c ), whereas the viscous deformability in the x direction is about 3 times larger than that in the y direction (Figure 10b ).
Discussion
[47] In the following sections, we first compare viscosities predicted from the contiguity model to experimental data to assess the validity of the model (section 6.1), which permits greater confidence in extrapolating results to conditions in the Earth. We then discuss the geophysical and geodynamical applications of the model (sections 6.2 and 6.3). We show that the viscous and elastic constitutive relations are essential for investigating melt migration dynamics in a forward sense on the basis the basic equations of two-phase dynamics (section 6.2) and in an inverse sense on the basis of seismological observations (section 6.3).
Comparison to Experimental Data 6.1.1. Viscosity Versus Melt Fraction
[48] The bulk and shear viscosities have been derived as functions of contiguity, which is not as commonly measured as melt fraction. In order to obtain the relationship between viscosity and melt fraction, we need to know the relationship between contiguity 8 and melt fraction f. When the microstructure is in textural equilibrium, the relationship between f and 8 can be determined theoretically as a function of dihedral angle. Figure 11a shows 8 versus f for the dihedral angles of 30°and 20°calculated for the tetrakaidekahedral (denoted 14) and rhombic dodecahedral (denoted 12) grain models [von Bargen and Waff, 1986; Takei, 2002] . Also shown in Figure 11a is the semiempirical relationship, 8 = 1 À Af 1 2 , obtained by fitting the data of f and 8 measured for texturally equilibrated partially molten rocks [Yoshino et al., 2005] . The semiempirical curves are plotted for A = 2.3 (olivine + basalt) and A = 2.
[49] By assuming a nearly equilibrium microstructure, we substitute the 8 À f relationships shown in Figure 11a into the result of GB diffusion control model given by equation (45). Here, h B (= (1 À f)h) defined by equation (23) is used, because h B is directly measured in experiments. The enhancement of shear deformation by increasing melt fraction predicted from the contiguity model is shown in Figure 11b , together with the experimentally derived and widely used relationship, exp(À25f) (long dashed line). For the two curves of A = 2.3 and A = 2 in Figure 11b , the effect of finite liquid diffusivity is shown by the thick dotted lines, using the result of TH2. Because TH2 is based on a 2-D model, h obtained from TH2 was corrected for the difference in slope between 2-D and 3-D by taking h to the power of 4/3 and also was corrected for a slight difference in the value of h of the GB diffusion control model at 8 = 1. Within the framework of the GB diffusion control model, the grain radius R does not affect the normalized viscosity because the effect on h B and that on h cc cancel each other. However, the effect of finite liquid diffusivity on h B /h cc does depend on R (in Figure 11b , R = 7.5 mm).
[50] The experimental data on the enhancement of shear deformation by increasing melt fraction f can be expressed as _ e / exp(lf), where l = 25 for GB diffusion and l = 37 for dislocation [Mei et al., 2002] in olivine+basalt systems. The experimental samples have a grain radius of R $ 5 mm, and l is determined at f = 0.01 -0.12. As shown in Figure 11b , the slope of the exponential h(f) for GB diffusion creep is nearly parallel to the results of the contiguity model in the range of f = 0.01-0.12. However, as discussed below, the comparison becomes more complex for the range 0 < f < 0.01. At large f, the contiguity model shows steeper slopes than the exponential model, representing the occurrence of grain disaggregation (8 ! 0). 6.1.2. Singular Behavior as f ! 0
[51] The contiguity model indicates that an infinitesimally small amount of melt can substantially reduce the viscosities, from h cc to 0.2h cc for shear viscosity and from 1 to 0.37h cc for bulk viscosity. The discontinuous or singular behavior as f ! 0 could suggest that the applicability of the GB diffusion control model breaks down at small melt fraction. However, a more complete model that takes into account the effects of finite liquid diffusivity and finite reaction rates removes the singularity and explores the details of asymptotic behavior at small melt fraction. This model is the subject of TH2. We define a critical melt fraction f c , below which the GB diffusion control model breaks down and h and x rapidly increase to approach h cc and 1, respectively, due to the effects of finite liquid diffusivity and finite reaction rate. For a grain size of 2R = 3 mm, an average value for asthenosphere, the critical melt fraction is semiquantitatively estimated as f c h = 10
À4
for h and f c x < 6 Â 10 À8 for x (TH2). Therefore, the results of the GB diffusion control model obtained in this paper are applicable even at very small melt fractions. The discontinuous reduction occurs because connected melt tubules work as sources or sinks of matter in GB diffusion, significantly decreasing the diffusion path length (Figures 4 and 5) , as soon as any melt exists. Although a discontinuous decrease in h was previously expected only for systems with a dihedral angle of nearly zero, the contiguity model predicts that such a singularity does occur for partially molten rocks with moderate values of dihedral angle.
[52] Recently, Faul and Jackson [2007] compared the shear viscosity data of nominally melt-free aggregates to those of genuinely melt-free dry samples in the GB diffusion creep regime, and reported that a small amount of melt (f 0.01) enhances the shear creep by a factor of 20. Our result (Figure 11b) explains the enhancement by a factor of 5 (f 0.01) but cannot fully explain the factor of 20. An additional contribution to the discrepancy between truly melt free and nominally melt free samples could be due to an increasing grain boundary diffusivity with the addition of melt; as infinitesimally small amounts of melt are added to pure olivine aggregates, they are incorporated as grain boundary impurities, which increase the diffusivity [e.g., Hiraga et al., 2004] . Although the enhancement factor of 5 is insensitive to variations in grain models (section 5.1.2), effect of other factors such as grain size distribution and/or nonperiodicity cannot be assessed by the present model. Therefore, further experimental data on the effects of small amounts of melt are needed to check the robustness of our result. 6.1.3. Stress-Induced Microstructural Anisotropy
[53] Anisotropy in contact geometry has been reported in the deformed partially molten rocks and rock analogues, where the plane of reduced contiguity is normal or subnormal to s 3 [Daines and Kohlstedt, 1997; Zimmerman et al., 1999; Takei, 2005] . This orientation of anisotropy corresponds to the geometry in Figure 10a , if the s 3 direction is assumed to be parallel or subparallel to the x direction. Variations in contact anisotropy are discussed in more detail by TH3. The contiguity model suggests that such melt distribution causes a strong viscous anisotropy and a moderate elastic anisotropy. Elastic anisotropy can be measured by the polarization anisotropy of ultrasonic shear waves [Takei, 2005] . Viscous anisotropy is generally difficult to measure in common constant volume deformation apparatus because only one effective viscosity can be sampled. However, in the work by TH3, the anisotropic viscosity is shown to cause a direct coupling between shear and isotropic components of stress. This strong coupling was observed by Takei [2005] , supporting the validity of the model.
Implications for Melt Extraction: Forward Approach
[54] Recently, there has been an increasing recognition of the importance of melt segregation dynamics at very small melt fractions. Geochemical observations showing radioactive disequilibrium in young basalts indicate that melt is removed from the residual matrix at very small melt Figure 11a (thin and thick solid lines). Dotted lines for A = 2 and A = 2.3 show the effects of finite liquid diffusivity for grain radius R = 7.5 mm by using the result of TH2. Long dashed line shows the experimentally derived relationship, h / exp(Àlf) with l = 25, where the line segment in the middle shows the same slope. fractions (f < 0.01) [e.g., McKenzie, 2000 , Iwamori, 1994 . Therefore, it must be relatively easy to extract small melt fractions f < 0.01. Mechanical and/or dynamical studies are needed to explain these chemical constraints.
[55] The behavior of bulk and shear viscosities in the contiguity model has significant implications for understanding melt extraction processes at small melt fractions. Melt extraction, whether driven by buoyancy force or stress, is controlled by bulk viscosity x and permeability, where effect of x dominates effects of permeability at length scales shorter than the compaction length. In many theoretical studies, bulk viscosity x is estimated with the simple relationship x = h/f (or x = h cc /f) [e.g., Richardson, 1998; Connolly and Podladchikov, 1998 ]. The critical melt fractions are semiquantitatively estimated for 2R = 3 mm as f c h = 10 À4 and f c x < 6 Â 10 À8 (TH2). For f = 0.001 ()f c x ), x estimated from the contiguity model is more than 3 orders of magnitude smaller than that estimated from the simple relationship mentioned above, meaning that compaction length is more than 30 times larger and extracting small f over distances smaller than the compaction length is much easier than previously considered. However, the rapid increase of x below the critical melt fraction also predicts the difficulty of extracting very small melt fractions. Rheological models in which the solid phase is treated as an ideal Newtonian liquid give results close to the simple relationship x = h cc /f [Sumita et al., 1996; Takei, 1998 ]. The present result demonstrates that taking into account the detailed grain-scale processes is important for developing a quantitative rheological model.
[56] In order to maintain radioactive disequilibrium produced at the grain scale, melt must be transported rapidly through high-porosity, chemically isolated channels developed at scales much longer than the grain scale (macroscale or mesoscales). Several mechanisms for channel formation have been proposed including the reaction infiltration instability [e.g., Spiegelman et al., 2001] and shear-induced melt segregation [e.g., Stevenson, 1989; Spiegelman, 2003; Katz et al., 2006] . In previous studies, formation of melt channels has been studied for isotropic viscosity. However, stress-induced alignment of melt at the grain scale has been shown to produce large viscous anisotropy (Figure 10 ). The implication that this viscous anisotropy can cause the formation of macroscale or mesoscale channels is demonstrated using a ''forward'' or ab initio approach of TH3, combining the viscous constitutive relations obtained in this paper with mass and momentum conservation equations of solid-liquid two-phase dynamics.
Implications for Upper Mantle Rheology Structure: Inverse Approach
[57] While ''forward'' modeling of the consequences of the new constitutive relation is developed by TH3, here we demonstrate an ''inverse'' approach, toward a methodology for mapping from seismic velocity structure to an image of instantaneous rheological structure. A complete approach in terms of absolute values requires that all properties be estimated for the relevant thermodynamic state variables, composition, grain size and melt distribution. This approach is applicable to any geologic context, but here we illustrate it with a simple view of oceanic upper mantle, and focus only on perturbations due to the presence of melt at the grain scale. For a generic mid-ocean ridge, shown schematically in Figure 12a , melt will exist at depths greater than the isotherm at which it freezes, and at depths shallower than a solidus. For any melt fraction/contiguity structure, viscous constitutive relations are solved using equation (42) and elastic constitutive relations are solved using the method developed by Takei [1998] . In Figure 13 , normalized values of viscous and elastic properties are presented as functions of normalized depth for homogeneous distributions of melt in isotropic and anisotropic configurations (Figures 13a-13c and 13d -13f, respectively) . 6.3.1. Seismological Detectability of Small Melt Fractions
[58] Seismological detection of the depth to the solidus, ranging from 300 to 60 km, is important to constrain H 2 O and CO 2 abundances and transport of incompatible trace elements [e.g., Dasgupta and Hirschmann, 2006] . Carbonatite melt, which can exist at depths greater than that of the dry solidus, can form a connected network at f = 0.0003 -0.003 [e.g., Dasgupta and Hirschmann, 2006] . Because of the potential rheological consequences of such small melt fractions, it is important to assess their seismological detectability. For homogeneous distributions of f = 0.001 melt, the reduction of shear wave velocity is 0.22% (Figure 13b ), which is difficult to detect. With the experimentally derived relationship, h / exp(Àlf) with l = 25, the reduction of viscosity at f = 0.001 is negligible as well, but with the contiguity model, viscosity is considerably reduced by a factor of 5 (Figure 13c ). Elastic and viscous properties represent end-member processes bridged by anelastic or transient, frequency-dependent behavior. The anelasticity must show some form of continuous behavior between these Figure 12 . Schematic illustration of (a) generic mid-ocean ridge, with (b) hypothetical melt distributions at the top of a partially molten layer beneath the plate, homogeneous (isotropic and anisotropic), migrated, segregated, and the superposition of migrated and segregated. Brighter regions contain larger melt fractions.
end-members, but the wide range of processes that contribute to anelasticity are poorly understood. Although f = 0.001 cannot be detected through the seismic measurement of purely elastic properties, if its effect on anelasticity is nonnegligible, it may be detectable as a zone of high attenuation and/or low velocity. To assess the seismological detectability of a small amount of melt below the dry solidus, understanding and incorporation of the effect of melt on anelasticity is essential.
Quantitative Comparison Between Seismic and Rheological Anisotropies
[59] To the curve for a homogeneous melt distribution with f = 0.01, we add anisotropy by reducing the radius of contact patches whose normals are subparallel to the maximum tension direction, as shown in the inset of Figure 13d , with the shear plane parallel to the base of the plate. With a patch reduction of a/a 0 = 0.4, the shear waves propagating ridge-parallel show the polarization anisotropy of about 4% (Figure 13e) . To show the effect of this anisotropy on viscosity, we plot g, the degree of coupling between shear and isotropic components of the stress tensor resulting from the anisotropic constitutive relation (TH3). For a/a 0 = 0.4, g almost saturates at 1 (TH3, Figure 4 , for the 2-D solution). Therefore, even when the seismologically observed anisotropy is only 4%, viscous anisotropy is much larger in amplitude (Figure 13f ). 6.3.3. Importance of Multiscale Structure
[60] In TH3, viscous anisotropy, or resultant coupling between shear and isotropic components of the stress tensor, produced by grain scale contact anisotropy (Figure 13f ) is shown to drive melt redistribution over distances greater than the grain scale, resulting in both segregation into meltrich shear zones and melt migration up stress gradients in the solid. The former heterogeneity develops at smaller scales than the compaction length, and the latter heterogeneity can develop at larger scales than the compaction length. Complex ''multiscale'' or ''mesoscale'' structures expected as a result of such stress-driven melt segregation Figure 13 . (top) Homogeneous isotropic melt distributions (with one profile of migrated melt, with f = 0.01), with plots of (a) melt fraction, (b) shear wave velocity, and (c) shear viscosity normalized to those without melt. (bottom) Anisotropic perturbations to the homogeneous melt distribution of f = 0.01 in top row, with plots of (d) grain-scale contact anisotropy, (e) shear wave anisotropy, and (f) viscous anisotropy in terms of coupling factor g (TH3). Inset of Figure 13d shows four contact patches with reduced radii (darkest shading), and inset of Figure 13e shows the propagation and polarization directions of shear waves, relative to the direction of matrix deformation, with shear plane and sense of shear indicated by wide arrows.
and/or melt migration up stress gradients, in addition to the buoyancy-driven flow, are illustrated in Figure 12b . The migration to the base of the plate could be driven by a shear stress gradient (if a vertical stress gradient exists because of forced horizontal flow) and/or buoyancy force.
[61] The rheological structure of the upper mantle, especially the distribution of melt, controls the mechanical coupling between lithosphere and asthenosphere. In Figures 13a -13c , we show a single profile representing vertically migrating melt, with the same average melt fraction as the homogeneous profile with f = 0.01. Its peak reduction in viscosity is a factor of 13, which would lead to an effective lubrication. Also, such a melt distribution would produce a sharp gradient or contrast in elastic properties at the top of the partially molten region. It may have identifiable seismic signatures, such as the efficient production of receiver functions [e.g., Rychert et al., 2007] . With combinations of anisotropy, migration and segregation, it is reasonable to estimate a viscosity contrast of more than 2 orders of magnitude at the top of the partially molten layer (TH3). Such a viscosity reduction would have significant implications for the dynamics of lithosphere/asthenosphere interactions, influencing the convective style and scale of the subplate asthenosphere and the degree of coupling of the plate to the largest scale of mantle convection. Therefore, detection of these rheological structures from seismological observations are important.
[62] In this paper, as illustrated schematically in Figure 1 , the grain-scale or microscale properties are homogenized upward to a representative elementary volume (REV), at which the two-phase medium can be described as a ''macroscopic'' continuum (terminology clarified in Figure 14) . The ''mesoscale'' or ''multiscale'' processes and structures can be described by a second level of homogenization to estimate effective viscous (TH3) and elastic properties, which will be studied in forthcoming works.
Conclusions
[63] A theoretical framework developed for the elastic constitutive relations of solid-liquid composites was extended to calculate the viscous constitutive relations of partially molten rocks deforming in the regime of GB diffusion creep. A general formulation was developed and then simplified to the GB diffusion control model, in which liquid diffusivity and reaction rates are assumed to be infinitely high. The GB diffusion control model was solved analytically in 2-D and 3-D versions.
[64] The viscous and elastic constitutive relations developed in this study and by Takei [1998] are based on contiguity as an internal state variable, which enables us to take into account the detailed effects of grain-scale melt distribution observed in the experiments. Compared to elasticity, viscosity is much more sensitive to contiguity. The dependence of the bulk and shear viscosities on contiguity 8 is given by 8 2 , whereas that of the bulk and shear moduli is 8 1/2 . A very small amount of melt significantly reduces the bulk and shear viscosities, whereas such singularity at f = 0 does not exist in elasticity. In deforming partially molten rocks, anisotropy in contiguity can produce large viscous anisotropy, whereas it produces much less elastic anisotropy.
[65] The detailed behavior of viscosity at very small melt fractions is investigated in the second companion paper (TH2). Significant consequences of microstructural anisotropy on macroscale or mesoscale melt migration dynamics are investigated in the third companion paper (TH3), using ''forward'' or ab initio approaches combining the anisotropic constitutive relation with the equations of two-phase dynamics. The beginnings of an ''inverse'' approach for mapping from seismic velocity structure to rheological structure are developed in this paper, on the basis the quantitative comparison between elastic and viscous properties for a given melt distribution.
